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Abstract

This research is mainly concerned with the characteristics of magnetohydrody-

namics and Darcy-Forchheimer medium in nanofluid flow between two horizontal

plates. A uniformly induced magnetic impact is involved in the direction normal to

the lower plate. Darcy-Forchheimer medium is considered between the plates that

allow the flow along horizontal axis with additional effects of porosity and friction.

The features of Brownian diffusive motion and thermophoresis are disclosed. Gov-

erning equation are transformed into a non-linear boundary value problem, which

is numerically solved by shooting method. This numerical technique is incorpo-

rated using Runge-Kutta method of order four and Newton method. Graphs are

plotted to depict different significant effects.
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Chapter 1

Introduction

Every physical scenario of viscous fluid in all material involves the natural phe-

nomenon of heat and mass convection. In many different formations, including

two parallel plates,oextending surfaces, and inside a cylinder, this phenomenon

occurs rather naturally. As a result, a fluid moving between two surfaces is re-

ferred to as squeezing flow. Researchers that study fluid flow, heatoand mass

transport have given significant attention to squeezing flow because of its im-

portance and demand inoindustry. The fields of fluid dynamics that are specifi-

cally related to mechanical andobiochemical engineering, food processing, chem-

ical engineering, and industrial processing areotypical examples of areas where

the idea of squeezing flow is most frequently employed. Additionally, we have

observed the example in automobile, lubricants, rolling elements,omachine de-

vices, and gears. The pioneer approach wasoreported by Rasool et al. [1] which

is highly valued in scientific community with helpful remarks on the flow profiles,

squeezing flow betweenotwo surfaces Rasool revealed for the first time in his re-

search. Later, the squeezing flow was extensively covered in other articles. For

example,oRashidi et al. [2]odiscussed unsteady andosymmetric squeezed flowoof

nanofluids foroapproximation of analyticosolutions to theoflow problems 2015. In

2015, Hayat et al. [3] disclosed the featuresoof three dimensionaloand squeezed

flowousing two parallelosheets because ofomixed convection. Hayatoet al. [4] re-

portedosqueezing flow inorotating frame betweenotwo disks. Theoproblems were

1



Introduction 2

developedousing second gradeofluid. In anotherostudy, Hayat etoal. [5] discussed

theofindings of flowobounded by porousosqueezed enclosure disclosingothe fea-

tures ofomagnetic field effects.oShahmohamadi and Rashidi [6]oreported some

goodofindings on the squeezing flow ofonanofluids subject toorotating channel.

Theolower plate was assumed to beoporous. Some recentostudies [7],[8] areoalso

referred forofurther understanding theoabove scenario. Nanofluids are a more ef-

fective formulation for fluid mechanics as a result of technological advancements.

Typically, this formulation has metallic nanoparticles dispersed for a shorter time

in the base fluid. The outcomes of this short term suspension, are quite powerful

since they are more efficient and have more thermophysical characteristics, like

density, thermal and electrical conductivity.

Nanofluids have made considerable strides due to the thermal properties and dy-

namic flexibility in the context of irreversibility, entropy and many other rel-

evant qualities. The pioneer study was reported by Choi [9] illustrating the

nanoparticle’s effects on the underlying liquid’s thermo-physical properties. The

research community praised the idea favorably. Later, Parvin andoChamkha [10]

reported freeoconvection and entropyooptimization of nanofluidsoflowing in odd

shaped cavity. Zaraki et al. [11]odisclosed the propertiesoof boundary layer convec-

tion considering the size, typeoand shape ofonanoparticles as welloas the typeoof

base fluid.oReddy and Chamkha [12]oaccounted the effectoof Soret andoDufour

on wateroand water typeosuspensions passing viaostretching sheet. Chamkha et

al. [13] disclosed the featuresoof entropy optimization inowater nanofluid using

magneticoinfluence. Rasool et al. [14] discussed the effectsoof porosity and Darcy

media in nanofluid flow via stretching surface. Ismael et al. [15] analyzed the en-

tropyooptimization in cavityofilled with nanofluidovia porous medium. Rasool et

al. [16] reported flow ofonanofluids bounded by a convective and vertically adjusted

Riga plate. Many recent articlesoare typically basedoon the flow of nanofluids how-

ever, some of them are listed here [17–36].

Many essential mechanical and industrial processes use fluid flow analysis through

porous media. Examples of typical methods that analyze fluid flow via porous ma-

terial are the subsurface water purification process,ooil recovery andopurification,
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outlining, pipeodevelopments, and many more processes. Darcy’s original defini-

tion of the earlier models called for weak porosityoconditions and lower velocity.

Later on,oForchheimer [37] remodeled itousing nonlinear factorothrough velocity

andothe new nameogiven to thisomodel as Darcy-Forchheimer model.oMuskat [38]

presented homogeneousofluid flow throughoDarcy medium. Seddeek [39]odisclosed

the featuresoof thermophoresis andodissipation in Darcyotype fluid flowousing

the conceptoof mixed convection.oHayat et al. [40] used a bidirectional water

basedonanofluid flow subjectoto convective conditions to study the entropy op-

timization and heat and mass transmission mechanism. Sadiq and Hayat [41] re-

ported nanofluid flowoof the Darcy-Forchheimer type via a stretchedosurface that

hasobeen heated convectively.oUmavathi et al. [42] reported numerical analysis

of a rectangular duct with vertical adjustments enclosing a Darcy type nanofluid

flow. Hayat et al. [43] conducted chemical reaction framework of radiation effect

and heat generation in Darcy type nanofluid flow.

1.1 Thesis Contribution

In this research our motivationois based on three novel concepts. First, to involve

two parallel plates with a gap filled with a porous medium that has been re-

ported with limitations, include the magnetohydrodynamics (MHD) effect in this

formulation, and finally, if examines the impact of the model’s squeezing nature

on the fluid flow analyse. The whole research is organised as follows. A viscous,

MHD non-Newtonian nanofluid is investigated via Darcy medium between two

parallel plates h apart. Brownian diffusive motion and thermophoresis are both

involved. Second, applying appropriate transformations, the thus-formulated gov-

erning issues are turned into nonlinear dimensionless problems. Third, a numerical

shooting technique is used in MATLAB to solve problems and collect data for the

velocity field, temperature distribution, concentration distribution, and Nusselt

number. All of the results have been graphed. Finally, a detailed discussion of the

results is offered.
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Fourth, the work of Rasool et al. [1] is extended by considering inclined magnetic

field, Casson fluid, Viscous dissipation and chemical reaction over a permeable sur-

face. To get the numerical results shooting technique endowed with Runge-Kutta

method of order four and Newton method is used. Result and discussions are also

provided with end of graphs.

1.2 Thesis Outline

This research work is further classified into four main chapters.

Chapter 2 covers some fundamental fluid definitions, terminologies, and gov-

erning equations that are required for the calculations of different variables like

temperature, velocity, viscosity and magneticfield measurements.

Chapter 3 contains the review work of Rasool et al. [1]. The set of nonlinear

PDEs into a set of nonlinear governing equations are converted ODEs by utilizing

similarity transformation, which we then solve numerically. Through this research

of the shooting technique, is used for numerical results for the set of nonlinear

ODEs.

Chapter 4 extends the work of Rasool et al.[1] by considering squeezed hybrid

nanofluid flow over a permeable sensor surface. The transformation of similarities

has been utilized for the conversion of PDEs to ODEs. The transformed nonlin-

ear ODEs are then solved by using the shooting technique that is most used for

research work.

Chapter 5 summarizes the research work and gives the main conclusion arising

from the whole study.

All the references used in this thesis are presented in Bibliography.



Chapter 2

Basic Definitions and Governing

Equations

This chapter addresses some basic concepts, definitions and governing laws related

to the fluid dynamics. Dimensionless quantities are also discussed which seem to

be helpful in the subsequent chapters. Moreover, a brief discussion has been done

for the numerical methodology adopted for the solution of governing equations.

2.1 Properties of fluids

This section contains, some basic terminologies and definitions from fluid dynam-

ics which are needed for our main work.

Definition 2.1.1 (Fluid)

“A fluid is a substance that deforms continuously under the application of a shear

(tangential) stress no matter how small the shear stress may be.” [44]

Definition 2.1.2 (Fluid Mechanics)

“Fluid mechanics is defined as science that deals with the behavior of fluids at

rest (fluid statics) or in motion (fluid dynamics), and the interaction of fluids with

5



Basic Terminologies 6

solid or other fluids at the boundaries.” [45]

Definition 2.1.3 (Fluid Dynamics)

“The study of fluid if the pressure forces are also considered for the fluids in mo-

tion, the branch of science is called fluid dynamics.” [45]

Definition 2.1.4 (Fluid Statics)

“The study of fluid at rest is called fluid statics.” [45]

Definition 2.1.5 (Viscosity)

“Viscosity is defined as the property of a fluid which offers resistance to the move-

ment of one layer of fluid over another adjacent layer of the fluid.” [45] Mathemat-

ically,

µ =
τ
∂u
∂y

,

where µ is viscosity coefficient, τ is shear stress and ∂u
∂y

represents the velocity

gradient. SI units of viscosity is
Ns

m2
.

Definition 2.1.6 (Kinematic Viscosity)

“It is defined as the ratio between the dynamic viscosity and density of fluid. It

is denoted by symbol ν called nu.” [45] Mathematically,

ν =
µ

ρ
.

SI unit of Kinematic Viscosity is m2s−1.

Definition 2.1.7 (Thermal Conductivity)

“The Fourier heat conduction law states that the heat flow is proportional to the

temperature gradient. The coefficient of proportionality is a material parameter

known as the thermal conductivity which may be a function of a number of vari-

ables.” [46] Mathematically,
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q = −K∇T,

where K stands for the second order conductivity tensor. The form of K for an

isotropic material is as follows:

K = kI,

where k denotes the thermal conductivity [W/(m.C)] of the medium, and I is

again the unit tensor.

Definition 2.1.8 (Magnetohydrodynamics)

“Magnetohydrodynamics (MHD) is concerned with the mutual interaction of fluid

flow and magnetic fields. The fluids in question must be electrically conducting

and non-magnetic, which limits us to liquid metals, hot ionised gases (plasmas)

and strong electrolytes.” [47]

Definition 2.1.9 (Porosity)

“The porosity is the relationship of the volume of void space to the bulk volume of

a permeable medium. A permeable medium is often identified by its porosity.” [48]

2.2 Types of Fluid

In this section, types of fluids are discussed which further help in understanding

nature of fluid motion. The fluids may be classified into following four types.

Definition 2.2.1 (Ideal Fluid)

“A fluid, which is incompressible and has no viscosity, is known as an ideal fluid.

Ideal fluid is only an imaginary fluid as all the fluids, which exist, have some vis-

cosity.” [45]

Definition 2.2.2 (Real Fluid)
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“A fluid which possesses viscosity is known as a real fluid. All the fluids in actual

practice are real fluids.” [45]

Definition 2.2.3 (Newtonian Fluid)

“A real fluid, in which the shear stress is directly proportional to the rate of shear

strain (or velocity gradient) is known as a Newtonian fluid. Mathematically, it

can be written as:

τxy ∝
(
du

dy

)
,

τxy = µ

(
du

dy

)
,

where

µ = Dynamic viscosity, τxy = Shear stress exerted by the fluid, and
du

dy
= Velocity

gradient perpendicular to the direction of the shear.” [45]

Water and alcohol etc, are the common examples of Newtonian fluid.

Definition 2.2.4 (Non-Newtonian Fluid)

“A real fluid in which the shear stress is not directly proportional to the rate

of shear strain (or velocity gradient), is known as a non-Newtonian fluid.” [45]

Mathematical, it can be expressed as:

τxy ∝ k

(
du

dy

)m
, m 6= 1

τxy = k

(
du

dy

)m
,

where

k is the flow consistency coefficient,
du

dy
is shear rate, and n is the flow behaviour

index.

Some examples of non-Newtonian fluids are toothpaste, shampoo, and honey etc.

Definition 2.2.5 (Ideal Plastic Fluid)

“A fluid, in which shear stress is more than the yield value and shear stress is
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proportional to the rate of shear strain (or velocity gradient) is known as ideal

plastic fluid.” [45]

For example blood and soap solution etc.

2.3 Types of Fluid Flow

Fluid flow is studied in fluid Mechanics and deals with fluid dynamics. This sec-

tion gives the following eight types of fluid flow.

Definition 2.3.1 (Rotational Flow)

“Rotational flow is that type of flow in which the fluid particles while flowing along

stream-lines, also rotate about their own axis.” [45]

Definition 2.3.2 (Irrotational Flow)

“Irrotational flow is that type of flow in which the fluid particles while flowing

along stream-lines, do not rotate about their own axis then this type of flow is

called irrotational flow.” [45]

Definition 2.3.3 (Compressible Flow)

“Compressible flow is that type of flow in which the density of the fluid changes

from point to point or in other words the density (ρ) is not constant for the

fluid.” [45] Mathematically,

ρ 6= k,

where k is constant.

Definition 2.3.4 (Incompressible Flow)

“Incompressible flow is that type of flow in which the density is constant for the

fluid. Liquids are generally incompressible while gases are compressible.” [45]

Mathematically,

ρ = k,
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where k is constant.

Definition 2.3.5 (Steady Flow)

“If the flow characteristics such as depth of flow, velocity of flow, rate of flow at

any point in open channel flow do not change with respect to time, the flow is said

to be steady flow.” [49] Mathematically,

∂Q

∂t
= 0,

where Q is any fluid property.

Flow of water through the nozzle of a garden hose illustrates that fluid particles

may accelerate, even in a steady flow. In this example, the exit speed of the water

is much higher than the water speed in the hose, implying that fluid particles have

accelerated even though the flow is steady.

Definition 2.3.6 (Unsteady Flow)

“If at any point in open channel flow, the velocity of flow, depth of flow or rate

of flow changes with respect to time, the flow is said to be unsteady.” [49] Math-

ematically,
∂Q

∂t
6= 0,

where Q is any fluid property.

When a rocket engine is fired up, for example, there are transient effects (the

pressure builds up inside the rocket engine, the flow accelerates, etc.) until the

engine settles down and operates steadily. The term periodic refers to the kind of

unsteady flow in which the flow oscillates about a steady mean.

Definition 2.3.7 (Internal Flow)

“Flows completely bounded by a solid surfaces are called internal or duct flows.

The examples of the internal flow are the flow through pipes or glass.” [44]

Definition 2.3.8 (External Flow)
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“Flows over bodies immersed in an unbounded fluid are said to be an external

flow. The flow of water in the ocean or in the river is an example of the external

flow.” [44]

2.4 Modes of Heat Transfer

“In the field of engineering known as heat transfer, thermal energy is transferred

from one point to another inside a medium or from one medium to another as a

result of temperature differences. Different mechanisms are used for heat transfer.”

Definition 2.4.1 (Conduction)

“The transfer of heat within a medium due to a diffusion process is called conduc-

tion.” [46]

For example: When a car is started, the engine heats up, conduction can be seen

in a radiator.

Definition 2.4.2 (Convection)

“Convection heat transfer is usually defined as energy transport effected by the

motion of a fluid. The convection heat transfer between two dissimilar media is

governed by Newtons law of cooling.” [46]

For example a cup of hot tea. The steam of heat transfered into the air.

Definition 2.4.3 (Thermal Radiation)

“The process by which heat is transferred from a body by virtue of its temperature,

without the aid of any intervening medium, is called thermal radiation. Sometimes

radiant energy is taken to be transported by electromagnetic waves while at other

times it is supposed to be transported by particle like photons. Radiation is found

to travel at the speed of light in vacuum. The term electromagnetic radiation

encompasses many types of radiation such as:

(i) Short wave radiation like gamma rays, x-rays and microwave.

(ii) Long wave radiation like radio wave and thermal radiation. The cause for the
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emission of each type of radiation is different. Thermal radiation is emitted by a

medium due to its temperature.” [46]

Definition 2.4.4 (Viscous Dissipation)

“The irreversible process by means of which the work done by a fluid on adjacent

layers due to the action of shear forces is transformed into heat is defined as vis-

cous dissipation.” [39]

Definition 2.4.5 (Darcy-Forchheimer)

“The DarcyForchheimer (DF) model is probably the most popular modification

to Darcian flow utilized in similarity inertia effects. Inertia effect is accounted

through the inclusion of a velocity squared term in the momentum equation, which

is known as Forchheimer’s extension.” [41]

2.5 Dimensionless Numbers

The following dimensionless number will appear in the discussion given in next

chapters.

Definition 2.5.1 (Prandtl Number)

“It is the ratio between the momentum diffusivity ν and thermal diffusivity α.

Mathematically, it can be defined as

Pr =
ν

α
=

µ
ρ

k
Cpρ

=
µCp
k
,

where µ represents the dynamic viscosity, Cp denotes the specific heat and k

stands for thermal conductivity. The relative thickness of thermal and momentum

boundary layer is controlled by Prandtl number.” [44]

Small prandtl values allow fluids to flow freely after those with high thermal con-

ductivity, making them a suitable option for heat-conducting fluids.
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Definition 2.5.2 (Skin Friction Coefficient)

“It expresses the dynamic friction resistance originating in viscous fluid flow around

a fixed wall. The skin friction coefficient can be defined as

Cf =
2τw
ρU2

w

,

where τw denotes the shear stress on the wall, ρ the density and Uw the free-stream

velocity.” [50]

Definition 2.5.3 (Nusselt Number)

“It is the relationship between the convective to the conductive heat transfer

through the boundary of the surface. It is a dimensionless number which was

first introduced by the German mathematician Nusselt. Mathematically, it is de-

fined as:

Nu =
qL

k
,

where q stands for convective heat transfer, L stands for characteristics length and

k stands for thermal conductivity.” [50]

Definition 2.5.4 (Schmidt Number)

“Schmidt number (Sc) is a dimensionless number after Ernst Wilhelm Schmidt

and characterized as the proportion of momentum diffusivity (viscosity) to mass

diffusivity and is utilized to describe fluid flows in which there are simultaneous

momentum and mass diffusion convection.” [50]

Definition 2.5.5 (Brownian diffusion coefficient)

“Brownian diffusion occurs due to the continuous collision between the molecules

and nanoparticles of the fluid. It is denoted by DB and is given by

DB =
KBTCh

3πdp
,

where KB, T , Cc, and µ represents Boltzmann constant, temperature, correction

factor and viscosity respectively stands for kinematic viscosity.” [51]
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Definition 2.5.6 (Thermophoresis diffusion coefficient)

“The diffusion of particles is accelerated by the temperature gradient, which causes

thermophoresis. It is denoted by DT and is given by

DT =
−uthT
ν∇T

,

where uth, T , ν and ∇T denote the thermophoretic velocity, temperature, kine-

matic viscosity and temperature gradient respectively.” [52]

2.6 Governing Laws

Definition 2.6.1 (Laws of Conservation of mass)

“The principle of conservation of mass can be stated as the time rate of change of

mass in fixed volume is equal to the net rate of flow of mass across the surface.

Mathematically, it can be written as

∂ρ

∂t
+∇.(ρu) = 0,

where ρ is the density kgm−3 of the medium, v the velocity vector ms−1, and ∇ is

the nabla or del operator. The continuity equation is in conservation (or diver-

gence) form since it can be derived directly from an integral statement of mass

conservation.” [46]

Definition 2.6.2 (Momentum Equation)

“The momentum equation states that the time rate of change of linear momentum

of a given set of particles is equal to the vector sum of all the external forces act-

ing on the particles of the set, provided Newtons third law of action and reaction

governs the internal forces.” [46] Mathematically, it can be written as:

∂

∂t
(ρu) +∇.[(ρu)u] = ∇.T + ρg,
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The above equation is called momentum equation.

Definition 2.6.3 (Energy Equation)

“The law of conservation of energy states that the time rate of change of the total

energy is equal to the sum of the rate of work done by the applied forces and

change of heat content per unit time.

∂ρ

∂t
+∇.ρu = −∇.q +Q+ φ,

where φ is the dissipation function.” [46]

2.7 Shooting Method

The boundary value problem that results from the main governing equation is

solved using the shooting method. To elaborate the shooting method, consider

the following nonlinear boundary value problem.

f ′′(x) = f(x)f ′(x) + 2f 2(x)

f(0) = 0, f(L) = J.

 (2.1)

To reduce the order of the above boundary value problem, introduce the following

notations.

f = Y1, f ′ = Y ′1 = Y2, f ′′ = Y ′2 . (2.2)

As a result, (2.1) is converted into the following system of first order ODEs.

Y ′1 = Y2, Y1(0) = 0, (2.3)

Y ′2 = Y1Y2 + 2Y 2
1 , Y2(0) = u. (2.4)

where u is the missing initial condition which will found by using the Newton

method. The above IVP will be numerically solved by the order-4 Runge-Kutta
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method. The missing condition u is to be chosen such that.

Y1(L, u) = J. (2.5)

For convenience, now onward Y1(L, u) will be denoted by Y1(u).

Let us further denote Y1(u)− J by H(u), so that (2.5) becomes.

H(u) = 0. (2.6)

The above equation can be solved by using Newton’s method with the following

iterative formula.

un+1 = un − H(un)
∂H(un)
∂u

, n = 0, 1, 2, 3, . . .

or

un+1 = un − Y1(u
n)− J

∂Y1(un)
∂u

, n = 0, 1, 2, 3, . . . (2.7)

To find ∂Y1(un)
∂u

, introduce the following notations.

∂Y1
∂u

= Y3,
∂Y2
∂u

= Y4. (2.8)

As a result of above new notations the Newton’s iterative scheme, will then get

the form.

u1 = u0 − Y1(u)− J
Y3(u)

. (2.9)

Now differentiating (2.3) and (2.4) with respect to u, we get the following two

equations.
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Y ′3 = Y4, Y3(0) = 0. (2.10)

Y ′4 = Y3Y2 + Y1Y4 + 4Y1Y3, Y4(0) = 1. (2.11)

Writing all the four ODEs (2.3), (2.4), (2.10) and (2.11) together, we have the

following initial value problem.

Y ′1 = Y2, Y1(0) = 0.

Y ′2 = Y1Y2 + 2Y 2
1 , Y2(0) = u.

Y ′3 = Y4, Y3(0) = 0.

Y ′4 = Y3Y2 + Y1Y4 + 4Y1Y3, Y4(0) = 1.

The above system will be solved numerically by Runge-Kutta method of order

four. The stopping criteria for the Newton’s technique is set as,

| Y1(u)− J |< ε,

where ε > 0 is an arbitrarily small positive number.



Chapter 3

Darcy-Forchheimer Nanofluid

Flow between Horizontal Plates

3.1 Introduction

In this chapter, consideration has been given to the numerical analysis of the MHD

and nanofluid flow in a Darcy-Forchheimer medium between two horizontal plates.

The lower plate’s normal direction involves a uniformly produced magnetic im-

pact. The governing nonlinear PDEs are converted into a system of dimensionless

ODEs by utilizing the appropriate transformations. In order to solve the ODEs,

the shooting technique is implemented in MATLAB. At the end of this chapter

the numerical solution for various parameters is discussed for the dimensionless

velocity profile f ′(η) and temperature distribution θ(η). Investigation of obtained

numerical results are given through graphs. This chapter provides a detailed re-

view of the work presented by Rasool et al. [1]

18
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3.2 Mathematical Modeling

Consider a steadyosqueezed nanofluid flow contained between twoohorizontally

adjusted h-distanceoapart plates. Theolocation of platesois fixed x2 = 0 at one

side and x2 = h at the other sideoin Cartesian coordinates. The bottomoplate

is stretched with at the rate of u1 = zx1, where z is a positive constant inte-

ger. A uniformly inducedomagnetic impact isoinvolved in the normal direction to

theolower plate. Darcy-Forchheimer medium isoconsidered between theoplates, it

allows horizontal axis flow with the help of friction and porosity effects. Figure

3.1 depicts the geometry of the flow.

Figure 3.1: Geometry of the problem.

The governing equations are taken from [1] as:

Continuity Equation:

∂u1
∂x1

+
∂u2
∂x2

= 0, (3.1)

Momentum Equations:

u1
∂u1
∂x1

+ u2
∂u1
∂x2

= − 1

ρf

∂p

∂x1
+ ν

(
∂2u1
∂x21

+
∂2u1
∂x22

)
− σB2

0

ρf
u1 −

ν

K
u1 − Fu21, (3.2)

u1
∂u2
∂x1

+ u2
∂u2
∂x2

= − 1

ρf

∂p

∂x2
+ ν

(
∂2u2
∂x21

+
∂2u2
∂x22

)
, (3.3)
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Energy Equation:

u1
∂T

∂x1
+ u2

∂T

∂x2
= α

(
∂2T

∂x21
+
∂2T

∂x22

)
+ τ

(
DB

(
∂C

∂x2

∂T

∂x2
+
∂C

∂x1

∂T

∂x1

)

+
DT

Th

(
∂T

∂x1

)2

+

(
∂T

∂x2

)2)
, (3.4)

u1
∂C

∂x1
+ u2

∂C

∂x2
= DB

(
∂2C

∂x21
+
∂2C

∂x22

)
+
DT

Th

(
∂2T

∂x21
+
∂2T

∂x22

)
, (3.5)

where DB is the Brownian diffusion, DT is the Thermophoretic diffusion, ν is

Kinematic viscosity, α is Thermal diffusitivity, and B0 is the Magnetic number.

The associated BCs given as.

u1 = uw = zx1, u2 = 0, C = Ch, T = Th, at x2 = 0,

u1 = 0, C = C0, T = T0, at x2 = +h.

 (3.6)

As a first step the pressure term is eliminated from (3.2) and (3.3).

∂u1
∂x1

∂u1
∂x2

+ u1
∂2u1
∂x1∂x2

+
∂u1
∂x2

∂u2
∂x2

+ u2
∂2u1
∂x22

− ∂u1
∂x1

∂u2
∂x1
− u1

∂2u2
∂x21

− ∂u2
∂x1

∂u2
∂x2

− u2
∂2u2
∂x1∂x2

= ν

(
∂3u1
∂x21∂x2

+
∂3u1
∂x32

− ∂3u2
∂x22∂x1

− ∂3u2
∂x31

)
− σB2

0

ρf

∂u1
∂x2

− ν

K

∂u1
∂x2
− 2Fu1

∂u1
∂x2

. (3.7)

To convert derivatives, use the following transformation:

u1 = zx1
∂f

∂η
, u2 = −zhf, η =

x2
h
,

(T0 − Th) θ (η) = (T − Th) ,

(C0 − Ch) θ (η) = (C − Ch) .


(3.8)
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Continuity equation is trivially satisfied as follows:

∂u1
∂x1

+
∂u2
∂x2

= zf ′ − zf ′,

∂u1
∂x1

+
∂u2
∂x2

= 0.

Some important derivatives are calculated as follows:

• ∂u1
∂x1

= zf ′,

• ∂2u1
∂x21

= 0,

• ∂2u2
∂x22

= −1

h
zf ′′,

• ∂u1
∂x2

=
∂

∂x2
(zx1),

• ∂u2
∂x1

= 0,

• ∂u2
∂x2

=
zx1f

′′

h
,

• ∂u2
∂x2

= −zf ′,

• ∂2u2
∂x21

= 0,

• ∂2u1
∂x1∂x2

=
zf ′′

h
,

• ∂2u2
∂x1∂x2

= 0,

• ∂3u1
∂x2∂x21

= 0,

• ∂3u1
∂x32

=
zx1
h3

f iv,

• ∂2u1
∂x22

=
zx1
h2

f ′′′,

• ∂3u2
∂x31

= 0,

• ∂3u2
∂x1∂x22

= 0.
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The above derivatives are pluged into (3.7), to get:

(zx1f
′)

(
z

h
f ′′
)

+ (zf ′)

(
zx1
h
f ′′′
)

+ (−zhf)

(
zx1
h2

f ′′′
)

+ (−zf ′)
(
zx1
h
f ′′
)

− (zx1f
′)(0)− (zf ′)(0)− (−zhf)(0)− (−zf ′)(0) = ν

(
zx1
h3

f iv
)

− σB2
0

ρf

zx1
h
f ′′ − ν

k

zx1
h
f ′′ − 2F (zx1f

′)
zx1
h
f ′′,

⇒ z2x1
h

f ′f ′′ +
z2x1
h

f ′f ′′ − z2x1
h

f ′f ′′′ − z2x1
h

f ′f ′′ =
vzx1
h3

f iv − σB2
0

ρf

zx1
h
f ′′

− ν

k

zx1
h
f ′′ − 2Fz2x21

h
f ′f ′′,

⇒ z2x1
h

f ′f ′′ − z2x1
h

f ′f ′′′ =
vzx1
h3

f iv − σB2
0

ρf

zx1
h
f ′′ − ν

k

zx1
h
f ′′ − 2Fz2x21

h
f ′f ′′,

vzx1
h3

f iv − z2x1
h

f ′f ′′ +
z2x1
h

f ′f ′′′ − σB2
0

ρf

zx1
h
f ′′ − ν

k

zx1
h
f ′′ − 2Fz2x21

h
f ′f ′′ = 0,

(3.9)

Multiplying (3.9) with
h3

vzx1
.

(
h3

vzx1

)(
vzx1
h3

)
f iv −

(
h3

vzx1

)(
z2x1
h

)
[f ′f ′′ − ff ′′′]−

(
h3

vzx1

)(
σB2

0zx1
ρfk

)
f ′′

−
(

h3

vzx1

)(
vzx1
kh

)
f ′′ −

(
h3

vzx1

)(
2Fz2x21
h

)
f ′f ′′ = 0,

f iv − h2z

v
(f ′f ′′ − ff ′′′)− σB2

0h
2

ρfv
f ′′ − h2

k
f ′′ − 2Fzx1h

2

v
f ′f ′′ = 0,

P =
h2z

v
, M =

σB2
0h

2

ρfv
, λ =

h2

k
, Fr =

Fzhx1
v

,

f iv − P (f ′f ′′ − ff ′′′)−Mf ′′ − λf ′′ − 2hFrf
′f ′′ = 0.

For the conversion of the temperature equation (3.4) into an ordinary differential

equation. The following derivatives are evaluated:

u1 = zx1
∂f

∂η
, u2 = −zhf, η =

x2
h
,
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• (T0 − Th)θ(η) = (T − Th),

• (C0 − Ch)φ(η) = (C − Ch),

• ∂T

∂x1
= 0,

• ∂2T

∂x21
= 0,

• ∂C

∂x1
= 0,

• ∂2C

∂x21
= 0,

• ∂T

∂x2
=

(T0 − Th)
h

θ′(η),

• ∂C

∂x2
=

(C0 − Ch)
h

φ′(η),

• ∂2T

∂x22
=

(T0 − Th)
h2

θ′′(η),

• ∂2C

∂x22
=

(C0 − Ch)
h2

φ′′(η),

•
(
∂T

∂x2

)2

=
(T0 − Th)2

h2
θ′2.

Using all of the derivatives calculated above in (3.4), to get:

⇒ u1
∂T

∂x1
+ u2

∂T

∂x2
= α

(
∂2T

∂x21
+
∂2T

∂x22

)
+ τ

(
DB

(
∂C

∂x2

∂T

∂x2
+
∂C

∂x1

∂T

∂x1

)
,

+
DT

Th

(
∂T

∂x1

)2

+

(
∂T

∂x2

)2)
,

⇒ + zx1f
′(0) + (−zhf)

T0 − Th
h

θ′ = α

(
(T0 − Th)

h2
θ′′
)
,

+ τ

[
DB

(
(T0 − Th)

h
θ′
C0 − Ch

h
φ′
)

+
DT

h

(
(T0 − Th)2

h2
θ′2
)]
,

⇒ − zf(T0 − Th)θ′ = α
(T0 − Th)

h2
θ′′ + τDB

(T0 − Th)(C0 − Ch)
h2

θ′φ′,

+ τ
DT

Th

(T0 − Th)2

h2
θ′2,

⇒ θ′′ +
h2

α(T0 − Th)
τDB(T0 − Th)(C0 − Ch)

h2
θ′φ′ +

h2
α(T0 − Th)

zf(T0 − Th)θ′,

+
h2

α(T0 − Th)
τDT

Th

(T0 − Th)2

h2
θ′2 = 0,
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⇒ θ′′ +
τDB(C0 − Ch)h2

α
θ′φ′ +

h2zf

α
θ′ +

τDT

Th

(T0 − Th)2

α
θ′2 = 0,

Nt =
τDT (T0 − Th)

αTh
, Nb =

τDB(C0 − Ch)
α

,

P =
h2z

v
, Pr =

v

α
,

θ′′ +Nbθ
′φ′ +

h2z

v
Prfθ

′ +Ntθ
′2 = 0,

θ′′ +Nbθ
′φ′ + PPrfθ

′ +Ntθ
′2 = 0.

u1 = zx1
∂f

∂η
, u2 = −zhf, η =

x2
h
,

For the conversion of equation (3.5) into an ordinary differential equation. The

following derivatives are evaluated:

• ∂C

∂x1
= 0,

• ∂C

∂x2
=

(C0 − Ch)
h

φ′(η),

• ∂2C

∂x21
= 0,

• ∂2C

∂x22
=

(C0 − Ch)
h2

φ′′(η),

• ∂2T

∂x21
= 0,

• ∂2T

∂x22
=

(T0 − Th)
h2

θ′′(η).

The above values use in equation (3.5),

u1
∂C

∂x1
+ u2

∂C

∂x2
= DB

(
∂2C

∂x21
+
∂2C

∂x22

)
+
DT

Th

(
∂2T

∂x21
+
∂2T

∂x22

)
,

(−zhf)
(C0 − Ch)

h
φ′ = DB

(
(C0 − Ch)

h2
φ′′
)

+
DT

Th

(
(T0 − Th)

h2
θ′′
)
,

− zf(C0 − Ch)φ′ =
DB(C0 − Ch)

h2
φ′′ +

DT

Th

(T0 − Th)
h2

θ′′,

DB(C0 − Ch)
h2

φ′′ + zf(C0 − Ch)φ′ +
DT

Th

(T0 − Th)
h2

θ′′ = 0,

φ′′ +
zh2f(C0 − Ch)
DB(C0 − Ch)

φ′ +
DTh

2

ThDB(C0 − Ch)
(T0 − Th)

h2
θ′′ = 0,
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φ′′ +
zh2v

vDB

fφ′ +
τDT (T0 − Th)

αTh

1
τDB(C0−Ch)

α

θ′′ = 0,

φ′′ + PScfφ
′ +

Nt

Nb

θ′′ = 0.

Dimensionless Boundary Conditions:

• u1 = zx1
∂f

∂η
, at y = 0.

u1 = zx1,

zx1
∂f

∂η
= zx1,

∂f

∂η
= 1,

f ′ = 1, at η = 0.

• u2 = −zhf, at y = 0.

u2 = 0,

− zhf = 0,

f = 0.

• (T0 − Th) θ (η) = (T − Th) ,

θ (η) =
T − Th
T0 − Th

,

T = T0,

θ (η) =
T0 − Th
T0 − Th

,

θ (η) = 1.

• (C0 − Ch)φ (η) = (C − Ch) ,

φ (η) =
C − Ch
C0 − Ch

,

C = C0,

φ (η) =
C0 − Ch
C0 − Ch

,

φ (η) = 1.
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• u1 = zx1
∂f

∂η
, at y = 1.

u1 = 0,

zx1
∂f

∂η
= 0,

∂f

∂η
= 0,

f ′ = 0, at η = 1.

• u2 = −zhf, at y = 1.

u2 = 0,

− zhf = 0,

f = 0.

• (T0 − Th) θ (η) = (T − Th) ,

θ (η) =
T − Th
T0 − Th

,

T = Th,

θ (η) =
Th − Th
T0 − Th

,

θ (η) = 0.

• (C0 − Ch)φ (η) = (C − Ch) ,

φ (η) =
C − Ch
C0 − Ch

,

C = Ch,

φ (η) =
Ch − Ch
C0 − Ch

,

φ (η) = 0.

Finally, the following ordinary differential equations are obtained:

f iv − P (f ′f ′′ − ff ′′′)−Mf ′′ − λf ′′ − 2hFrf
′f ′′ = 0, (3.10)

θ′′ +Nbθ
′φ′ + PPrfθ

′ +Ntθ
′2 = 0, (3.11)

φ′′ + PScfφ
′ +

Nt

Nb

θ′′ = 0. (3.12)
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with the boundary conditions:

f = 0, f ′ = 1, θ = 1 = φ, at η = 0,

f = 0, f ′ = 0, θ = 0 = φ, at η = 1,

 (3.13)

where P = h2z
ν

is the viscosity parameter, λ = h2

k
is the porosity, Fr = Fzhx1

ν

is the Forchheimeronumber such that F = Cb√
K

is the dragoforce coefficient and

M =
σB2

0h
2

ρfν
is the magnetic parameter.

In the energy equation, Pr = ν
α

is the Prandtl factor, Nb = τDB(C0−Ch)
α

is the Brow-

nian motion factor, Nt = τDT (T0−Th)
αTh

is the thermophoresisofactor, and Sc = ν
DB

is

the Schmidt factor.

The physical quantitiesoare given as:

(
Px1
h

)
Cf = f ′′(0),

Nux = θ′(0).

3.3 Numerical Treatment

This section is dedicated to the implementation of the shooting method to solve

the transformed ODEs (3.10) (3.11) and (3.12) subject to the boundary conditions

(3.6). One can easily observe that (3.10) is independent of θ, and φ, so we will

first find the solution of (3.10). For this purpose, the following notations are used:

f = y1

f ′ = y′1 = y2

f ′′ = y′2 = y3

f ′′′ = y′3 = y4

f iv = y′4.
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Utilizing the above notations, we have the following system of four first order

differential equations.

y′1 = y2; y1(0) = 0, y1(1) = 0,

y′2 = y3; y2(0) = 1, y2(1) = 0,

y′3 = y4; y3(0) = R,

y′4 = P (y2y3 − y1y4)−My3 − λy3 − 2Fry2y3 = 0, y4(0) = S,

where R and S are assumed missing conditions. To solve the above system by

using Runge Kutta method of order four, two missing initial conditions R and S

are such that:

y1(η,R, S)η=1 − 0 = 0,

y2(η,R, S)η=1 − 0 = 0.

Now

y1(0) = y(0) = R, y2(0) = y′(0) = S.

The Newton’s method is used to solve the above algebraic equation and has the

following iterative scheme:

Rn+1

Sn+1

 =

Rn

Sn

−
∂y1∂R

∂y1
∂S

∂y2
∂R

∂y2
∂S


−1 y1(1)− 0

y2(1)− 0

 (3.14)

To incorporate the above formula, we further need the following derivatives:

∂y1
∂R

=y5,
∂y2
∂R

= y6,
∂y3
∂R

= y7,
∂y4
∂R

= y8,

∂y1
∂S

=y9,
∂y2
∂S

= y10,
∂y3
∂S

= y11,
∂y4
∂S

= y12.
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As the result of these notations, the Newton’s iterative scheme gets the form:

Rn+1

Sn+1

 =

Rn

Sn

−
y5 y9

y6 y10

−1 y1(1)− 0

y2(1)− 0

 (3.15)

Now differentiate the above system of four first order ODE’s (3.14) with respect

to each of the variables R and S to have another system of eight ODE’s together,

the following IVP has:

y′1 = y2; y1(0) = 0,

y′2 = y3 y2(0) = 0,

y′3 = y4; y3(0) = R,

y′4 = P (y2y3 − y1y4)−My3 − λy3 − 2Fry2y3; y4(0) = S,

y′5 = y6; y5(0) = 0,

y′6 = y7; y6(0) = 0,

y′7 = y8; y7(0) = 1,

y′8 = P (y3y6 + y2y7 − y4y5 − y1y8)−My7 − λy7 − 2Fr(y3y6 + y2y7); y8(0) = 0,

y′9 = y10; y9(0) = 0,

y′10 = y11; y10(0) = 0,

y′11 = y12; y11(0) = 0,

y′12 = P (y3y10 + y2y11 − y4y9 − y1y12)−My11 − λy11

− 2Fr(y3y10 + y2y7); y12(0) = 1.

The Runge Kutta method of order four is used to solve the above system of twelve

first order differential equations with R and S as initial guess. The iterative process

is repeated until the criteria listed below is met:

max [| y1(η,R, S) |, | y2(η,R, S) |] < ε,

for an arbitrarily small positive value of ε. Throughout this chapter ε has been

taken as (10)−6. Since (3.11) and (3.12) are coupled equations. So (3.12) will be
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solved separately by incorporating the solution of (3.11). For this purpose let us

denote:

θ = Y1, θ′ = Y ′1 = Y2, θ′′ = Y ′2

and

φ = Y3, φ′ = Y ′3 = Y4, φ′′ = Y ′4 = Y5

and

f = D.

to get the following first order ODE’s.

Y ′1 = Y2; Y1(0) = 1, Y1(1) = 0,

Y ′2 = −NbY4Y2 − PPrDY2 −NtY
2
2 ; Y2(0) = R,

Y ′3 = Y4; Y3(0) = 1, Y3(1) = 0,

Y ′4 = −PScDY4 −
Nt

Nb

Y3; Y4(0) = S,

The above IVP is solved numerically by Runge Kutta method of order four. In

the above initial value problem, the missing condition m is to be chosen such that:

Y1(η,R, S)η=1 − 0 = 0,

Y3(η,R, S)η=1 − 0 = 0.

Now

Y1(0) = Y (0) = R, Y2(0) = Y ′(0) = S

The Newton’s method is used to solve algebraic equations system and has the

following iterative scheme:

Rn+1

Sn+1

 =

Rn

Sn

−

∂Y1
∂R

∂Y1
∂S

∂Y3
∂R

∂Y3
∂S


−1 Y1(1)− 0

Y3(1)− 0

 (3.16)
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To incorporate the above formula, we further need the following derivatives:

∂Y1
∂R

= Y5,
∂Y2
∂R

= Y6.

∂Y3
∂R

= Y7,
∂Y4
∂R

= Y8.

∂Y1
∂S

= Y9,
∂Y2
∂S

= Y10.

∂Y3
∂S

= Y11,
∂Y4
∂S

= Y12.

As the result of these notations, the Newton’s iterative scheme gets the form:

Rn+1

Sn+1

 =

Rn

Sn

−
Y5 Y9

Y7 y11

−1 Y1(1)− 0

Y3(1)− 0

 (3.17)

Here n is the number of iterations (n = 0, 1, 2, 3, 4, 5, ...).

Now differentiate the above system of four first order ODE’s (3.16) with respect

to each of the variables R and S to have another system of eight ODE’s together,

the initial condition:

Y ′1 = Y2; Y1(0) = 1,

Y ′2 = −NbY4Y2 − PPrDY2 −NtY
2
2 ; Y2(0) = R,

Y ′3 = Y4; Y3(0) = 1,

Y ′4 = −PScDY4 −
Nt

Nb

Y3; Y4(0) = S,

Y ′5 = Y6; Y7(0) = 0,

Y ′6 = −Nb(Y2Y8 + Y4Y6)− PPrDY6 − 2NtY2Y6; Y6(0) = 1,

Y ′7 = Y8; Y7(0) = 0,

Y ′8 = −PScDY8 −
Nt

Nb

Y7; Y8(0) = 0,

Y ′9 = Y10; Y9(0) = 0,

Y ′10 = −Nb(Y2Y12 + Y4Y10)− PPrDY10 − 2NtY2Y10; Y10(0) = 0,

Y ′11 = Y12; Y11(0) = 0,

Y ′12 = −PScDY12 −
Nt

Nb

Y11; Y12(0) = 1.
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The Runge Kutta method of order four is used to solve the above system of twelve

first order differential equations with R and S initial guess. The iterative process

is repeated until the criteria listed below are met:

max [| Y1(η,R, S) |, | Y3(η,R, S) |] < ε

for an arbitrarily small positive value of ε. Throughout this chapter ε was taken

as (10)−6.

3.4 Results and Discussions

This phase explores theographical consequences and their bodily justifications

forothe three most important profiles that includes velocity, temperatureoand con-

centration of nanoparticles. Figures 3.2 to 3.18 are plottedoto reveal the effects of

numerous fluid parameters concerned in the presentoflow model.

Figures (3.2) and (3.3)oare graphical description of the effect of Forchheimer pa-

rameter on velocity foand f ′ respectively. A closer view elaborates the velocity

field decreases with increase in the Forchheimer number. Physically,othe relation

of Forchheimer coefficient with drag forceocoefficient is liable for thisotrend in ve-

locity parameter. For greater Forchheimer number an intensive velocity field is

observed which results in bigger amount of frictional force to the flow.oTherefore,

a declineois noticed inovelocity profile.

Figures (3.4) and (3.5) shows the effect of magnetic fieldoon fluid flow via Darcy

Medium.oThe effect of magnetic fieldois inversely relatedoto the flow of said fluid.

Physically, a magneticofield which is normal to the surface creates collisions with

direction of flow.oTherefore, a decline is observed in both f and f ′.oImpact of

viscosityoparameter P onoboth f and f ′ isoshown in Figures (3.6) and (3.7), re-

spectively. Physically,ofor large values of P the inverse relationoof kinematic vis-

cosityoconfirms the enhancementoin dynamic viscosity and consequently, a decline

inovelocity field is observed for greater values ofoviscosity parameter.

Figure (3.8) shows the effect of viscosity parameteroon thermal distribution.oThe
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relevant boundaryolayer shows declining fashion for increased values of viscos-

ityoparameter. Impact ofoBrownian diffusive motionoand thermophoresis on ther-

mal distribution isoshown in Figures (3.9) and (3.10). The non predictive motion

of nano particles due to the Brownian motionorises for strongerothermophoretic

pressure, resulting in a greater rapid transport fromohot region to the less warm re-

gion. Therefore,oa upward push in thermalodistribution is observed for both of the

parameters. For multiplied values ofoviscosity parameter, we will see an enhance-

mentoin the concentration of distribution shownoin Figure (3.11), which equally

confirmsothe mathematical expressionoof viscosity parameteroand its physical sig-

nificance in fluid is proportional with the flow. For larger values of Brown-

ianodiffusive motion parameter,oconcentration profile showsoreduction. Physi-

cally, theorandom motion reducesofor large Brownian movement but, the case

isoopposite in case of thermophoresis. At Nb = 0.01, the impactoof Brownian

diffusion is pretty obvious but the effect becomes slighterofor further increase in

the Brownianodiffusion, whereas aolinear enhancement is seen in the attention dis-

tribution for Nt = 0.01, 0.1, 0.2, 0.3, in (3.13). The variation inoNusselt quantity

is shown in Figures (3.14) and (3.15). In Figure (3.14), the impact of viscosity

parameteroand thermophoresis is shown, whereas inoFigure (3.15), thermophore-

sisois changed with Brownian Diffusion.oThe rate ofoheat flux reduces in each

case.

In Figure (3.16) and (3.17), the skin friction is plotted as function of viscosity

parameter P by changing values of porosity and magnetic parameterorespectively.

The largerofriction produced with the aid of Forchheimer mediumoand retarda-

tion presented by magnetic effects bring about enhancement ofoskin-friction. The

impact of Prandtl range on thermal profile is proved in Figure (3.18). A decline

isonoticed for largerovalues of Pr.
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Figure 3.2: Consequences of Fr on f(η).
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Figure 3.3: Consequences of Fr on f ′(η).
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Figure 3.4: Consequences of M on f(η).
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Figure 3.5: Consequences of M on f ′(η).
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Figure 3.6: Consequences of P on f(η).
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Figure 3.7: Consequences of P on f ′(η).
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Figure 3.8: Consequences of P on θ(η).
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Figure 3.9: Consequences of Nb on θ(η).
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Figure 3.10: Consequences of Nt on θ(η)
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Figure 3.11: Consequences of P on φ(η).
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Figure 3.12: Consequences of Nb on φ(η).
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Figure 3.13: Consequences of Nt on φ(η).
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Figure 3.14: Variation in Nu for Viscosity Parameter P and Thermophoresis
Nt.
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Figure 3.16: Variation in Cf for porosity factor λ.
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Chapter 4

MHD Squeezed

Darcy-Forchheimer Casson Fluid

Flow between Horizontal Plates

4.1 Introduction

This chapter extends the work of Rasool et al.[1] by considering the inclined

magnetic field, casson fluid, viscous dissipation and chemical reaction. The ther-

mophoresis diffusion and Brownian motion are also included in the temperature

equation. Furthermore concentration equation is also taken into account along

with the chemical reaction. The governing nonlinear PDEs are converted into a

system of dimensionless ODEs by utilizing the similarity transformations. The

numerical solution of ODEs is obtaind by applying numerical method known as

shooting method. At the end of this chapter, the final results are discussed for

significant parameters affecting f ′(η), θ(η) and φ(η) which are shown in graphs.

43
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4.2 Mathematical Modeling

Consider a steady Casson fluid flow that is squeezed between two plates that are

h distances apart and are adjusted horizontally. The locationoof plates isofixed

at x2 = 0 at one side and x2 = h at the otheroside in Cartesian coordinates.

The bottom plateois stretched withoat the rate of u1 = zx1, where z is a positive

constant integer. A uniformly induced magnetic impact at an angle γ with the

horizontal axis. Darcy-Forchheimer medium isoconsidered between theoplates,

which allowsothe flow along horizontal axis with additionaloeffects of porosity.

Viscous dissipation is also taken into the account friction. [1]

Figure (4.1) showing inclined magnetic field.

Figure 4.1: Geometry of the problem.

By considering the above assumptions, the governing PDEs are.

∂u

∂x
+
∂v

∂y
= 0, (4.1)

u1
∂u1
∂x1

+ u2
∂u1
∂x2

= − 1

ρf

∂p

∂x1
+ ν

(
1 +

1

β

)(
∂2u1
∂x21

+
∂2u1
∂x22

)
− ν

K

(
1 +

1

β

)
u1

− Fu21 +
σB2

0

ρf
sin γ(u2 cos γ − u1 sin γ), (4.2)

u1
∂u2
∂x1

+ u2
∂u2
∂x2

= − 1

ρf

∂p

∂x2
+ ν

(
1 +

1

β

)(
∂2u2
∂x21

+
∂2u2
∂x22

)



Nanofluid Flow with Inclined Magnetic field and Casson Fluid 45

+
σB2

0

ρf
cos γ(u1 sin γ − u2 cos γ), (4.3)

u1
∂T

∂x1
+ u2

∂T

∂x2
= α

(
∂2T

∂x21
+
∂2T

∂x22

)
+ τ

[(
DB

(
∂C

∂x2

∂T

∂x2
+
∂C

∂x1

∂T

∂x1

)

+
DT

Th

(
∂T

∂x1

)2

+

(
∂T

∂x2

)2)]
+
νf
Cp

(
∂u1
∂x2

)2

, (4.4)

u1
∂C

∂x1
+ u2

∂C

∂x2
+Kc(C − Ch) = DB

(
∂2C

∂x21
+
∂2C

∂x22

)
+
DT

Th

(
∂2T

∂x21
+
∂2T

∂x22

)
.

(4.5)

The associated BCs have been taken as.

u1 = uw = zx1, u2 = 0, C = Ch, T = Th, at x2 = 0,

u1 = 0, C = C0, T = T0, at x2 = +h.

 (4.6)

Following similarity transformation has been used to convert PDEs (4.1)-(4.5) into

system of ODEs.

u1 = zx1
∂f

∂η
,

u2 = −zhf,

θ(η) =
T − Th
T0 − Th

,

φ(η) =
C − Ch
C0 − Ch

.


(4.7)

where f , θ, and φ are the dimensionless velocity, temperature and concentration

of nanoparticles.

Continuity equation is satisfied which can be seen in chapter 3.

Differentiation ofoequations (4.2) w.r.t. x2 and (4.3) w.r.t. x1 and subtraction

yield the following combined momentum equation:

∂u1
∂x1

∂u1
∂x2

+ u1
∂2u1
∂x1∂x2

+
∂u1
∂x2

∂u2
∂x2

+ u2
∂2u1
∂x22

− ∂u1
∂x1

∂u2
∂x1
− u1

∂2u2
∂x21

− ∂u2
∂x1

∂u2
∂x2

− u2
∂2u2
∂x1∂x2

= − 1

ρf

∂2p

∂x1∂x2
+ ν

(
1 +

1

β

)(
∂3u1
∂x21∂x2

+
∂3u1
∂x32

)

+
σB2

0

ρf
sin γ

(
cos γ

∂u2
∂x2
− sin γ

∂u1
∂x2

)
− ν

K

(
1 +

1

β

)
∂u1
∂x2
− 2Fu1

∂u1
∂x2

+
1

ρf

∂2p

∂x1∂x2
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− ν

(
1 +

1

β

)(
∂3u2
∂x22∂x1

+
∂3u2
∂x31

)
− σB2

0

ρf
cos γ

(
sin γ

∂u1
∂x1
− cos γ

∂u2
∂x1

)
,

∂u1
∂x1

∂u1
∂x2

+ u1
∂2u1
∂x1∂x2

+
∂u1
∂x2

∂u2
∂x2

+ u2
∂2u1
∂x22

− ∂u1
∂x1

∂u2
∂x1
− u1

∂2u2
∂x21

− ∂u2
∂x1

∂u2
∂x2

− u2
∂2u2
∂x1∂x2

= ν

(
1 +

1

β

)(
∂3u1
∂x21∂x2

+
∂3u1
∂x32

− ∂3u2
∂x22∂x1

− ∂3u2
∂x31

)
− ν

K

(
1 +

1

β

)
∂u1
∂x2

− 2Fu1
∂u1
∂x2

+
σB2

0

ρf

(
sin γ cos γ

∂u2
∂x2
− sin2γ

∂u1
∂x2
− sin γ cos γ

∂u1
∂x1

+ cos2
∂u2
∂x1

)
.

(4.8)

The complete procedure for the conversion of (4.2) and (4.3) discussed in Chapter

3.

(
1 +

1

β

)
f iv − P (f ′f ′′ − ff ′′′)− λ

(
1 +

1

β

)
f ′′

− 2Frf
′f ′′ −M sin γ [sin γf ′′ − 2δ cos γf ′] = 0.

Now, we include below the procedure for the conversion of equation (4.4) into the

dimensionless form. The (4.10) and (4.11) we have already derived in chapter 3.

u1
∂T

∂x1
+ u2

∂T

∂x2
= α

(
∂2T

∂x21
+
∂2T

∂x22

)

+ τ

(DB

(
∂C

∂x2

∂T

∂x2
+
∂C

∂x1

∂T

∂x1

)
+
DT

Th

(
∂T

∂x1

)2

+

(
∂T

∂x2

)2

+
νf
CP

(
∂u1
∂x2

)2
 ,

⇒ + zx1f
′(0) + (−zhf)

T0 − Th
h

θ′ = α

(
(T0 − Th)

h2
θ′′
)

+ τ

[
DB

(
(T0 − Th)

h
θ′
C0 − Ch

h
φ′
)

+
DT

h

(
(T0 − Th)2

h2
θ′2
)]

+
νf
CP

(zx1
h
f ′′
)2
,

⇒ − zf(T0 − Th)θ′ = α
(T0 − Th)

h2
θ′′

+ τ

[
DB

(T0 − Th)(C0 − Ch)
h2

θ′φ′ +
DT

Th

(T0 − Th)2

h2
θ′2
]

+
νf
CP

(zx1
h
f ′′
)2
,

⇒ − zf(T0 − Th)θ′ = α
(T0 − Th)

h2
θ′′ + τDB

(T0 − Th)(C0 − Ch)
h2

θ′φ′

+ τ
DT

Th

(T0 − Th)2

h2
θ′2 +

νf
CP

z2x21
h2

f ′′2,
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⇒ α
(T0 − Th)

h2
θ′′ + τDB

(T0 − Th)(C0 − Ch)
h2

θ′φ′ + zf(T0 − Th)θ′

+ τ
DT

Th

(T0 − Th)2

h2
θ′2 +

νf
CP

z2x21
h2

f ′′2 = 0,

⇒ θ′′ +
h2

α(T0 − Th)
τDB(T0 − Th)(C0 − Ch)

h2
θ′φ′ +

h2
α(T0 − Th)

zf(T0 − Th)θ′

+
h2

α(T0 − Th)
τDT

Th

(T0 − Th)2

h2
θ′2 +

νf
CP

z2x21
α (T0 − Th)

f ′′2 = 0,

⇒ θ′′ +
τDB(C0 − Ch)h2

α
θ′φ′ +

h2zfv

αv
θ′ +

τDT

Th

(T0 − Th)2

α
θ′2

+
νf
CP

z2x21
α (T0 − Th)

f ′′2 = 0,

Nt =
τDT (T0 − Th)

αTh
, Nb =

τDB(C0 − Ch)
α

,

P =
h2z

v
, Pr =

v

α
,

θ′′ +Nbθ
′φ′ +

h2z

v
Prfθ

′ +Ntθ
′2 + PrEcf

′′2 = 0,

θ′′ +Nbθ
′φ′ +Ntθ

′2 + Pr
(
Pfθ′ + Ecf

′′2) = 0.

Now, we include below the procedure for the conversion of equation (4.5) into the

dimensionless form.

u1
∂C

∂x1
+ u2

∂C

∂x2
+Kc(C0 − Ch) = DB

(
∂2C

∂x21
+
∂2C

∂x22

)
+
DT

Th

(
∂2T

∂x21
+
∂2T

∂x22

)
,

⇒ u1
∂C

∂x1
+ u2

∂C

∂x2
+Kc (C0 − Ch) = DB

(
∂2C

∂x21
+
∂2C

∂x22

)
+
DT

Th

(
∂2T

∂x21
+
∂2T

∂x22

)
,

⇒ (−zhf)
(C0 − Ch)

h
φ′ +Kc (C0 − Ch)φ = DB

(
(C0 − Ch)

h2
φ′′
)

+
DT

Th

(
(T0 − Th)

h2
θ′′
)
,

⇒ − zf(C0 − Ch)φ′ +Kc (C0 − Ch)φ =
DB(C0 − Ch)

h2
φ′′ +

DT

Th

(T0 − Th)
h2

θ′′,

⇒ DB(C0 − Ch)
h2

φ′′ + zf(C0 − Ch)φ′ +
DT

Th

(T0 − Th)
h2

θ′′ −Kc (C0 − Ch)φ = 0,

⇒ φ′′ +
zh2f(C0 − Ch)
DB(C0 − Ch)

φ′ +
DTh

2

ThDB(C0 − Ch)
(T0 − Th)

h2
θ′′ − Kc (C0 − Ch)h2

DB (C0 − Ch)
φ = 0,

⇒ φ′′ +
zh2v

vDB

fφ′ +
τDT (T0 − Th)

αTh

1
τDB(C0−Ch)

α

θ′′ − Kczh
2ν

DBν
φ = 0,

φ′′ + PScfφ
′ +

Nt

Nb

θ′′ −RScφ = 0.



Nanofluid Flow with Inclined Magnetic field and Casson Fluid 48

The final dimensionless form of the governing model, is

(
1 +

1

β

)
f iv − P (f ′f ′′ − ff ′′′)− λ

(
1 +

1

β

)
f ′′

− 2Frf
′f ′′ −M sin γ [sin γf ′′ − 2δ cos γf ′] = 0, (4.9)

θ′′ +Nbθ
′φ′ +Ntθ

′2 + Pr
(
Pfθ′ + Ecf

′′2) = 0, (4.10)

φ′′ + PScfφ
′ +

Nt

Nb

θ′′ −RScφ = 0. (4.11)

The associated BCs (4.6) in the dimensionless form are,

f = 0, f ′ = 1, θ = 1 = φ, at η = 0,

f = 0, f ′ = 0, θ = 0 = φ, at η = 1,

 (4.12)

Different parameters used in equations (4.9),(4.10) and (4.11)formulated as follows.

M =
σB2

0h
2

ρfν
, Kc = k2z, R =

k2zh
2

ν
, δ =

h

x1
, P r =

ν

α
,

Ec =
z2x2

cp(T0 − Th)
, P =

h2z

ν
, Sc =

ν

DB

, λ =
h2

K
,

Fr =
Fzhx1
ν

, Nb =
τDB(C0 − Ch)

α
, Nt =

τDT (T0 − Th)
αTh

.

4.3 Numerical Treatment

This section is dedicated to the implementation of the shooting method to solve

the transformed ODEs (4.9) (4.10) and (4.11) subject to the boundary conditions

(4.6). One can easily observe that (4.9) independent of θ, so we will first find the

solution of (4.9). For this purpose, the following notations are used:
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f = y1,

f ′ = y′1 = y2,

f ′′ = y′2 = y3,

f ′′′ = y′3 = y4,

f iv = y′4.

Utilizing the above notations, we have the following system of four first order

differential equations.

y′1 = y2; y1(0) = 0, y1(1) = 0,

y′2 = y3; y2(0) = 1, y2(1) = 0,

y′3 = y4; y3(0) = R,

y′4 =

(
β

1 + β

)
P (y2y3 − y1y4) + λy3 − 2

(
β

1 + β

)
Fry2y3

+M

(
β

1 + β

)
sin γ [sin γy3 − 2δ cos γy2] = 0, y4(0) = S.

To solve the above system by using Runge Kutta method of order four, two missing

initial conditions are assumed to be R and S.

y1(η,R, S)η=1 − 0 = 0,

y2(η,R, S)η=1 − 0 = 0.

Now

y1(0) = y(0) = R, y2(0) = y′(0) = S.

The Newton’s method is used to solve algebraic equations system and has the

following iterative scheme:
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Rn+1

Sn+1

 =

Rn

Sn

−
∂y1∂R

∂y1
∂S

∂y2
∂R

∂y2
∂S


−1 y1(1)− 0

y2(1)− 0

 (4.13)

To incorporate the above formula, we further need the following derivatives:

∂y1
∂R

=y5,
∂y2
∂R

= y6,
∂y3
∂R

= y7,
∂y4
∂R

= y8,

∂y1
∂S

=y9,
∂y2
∂S

= y10,
∂y3
∂S

= y11,
∂y4
∂S

= y12.

As the result of these notations, the Newton’s iterative scheme gets the form:

Rn+1

Sn+1

 =

Rn

Sn

−
y5 y9

y6 y10

−1 y1(1)− 0

y2(1)− 0

 (4.14)

Now differentiate the above system of four first order ODE’s (4.9) with respect to

each of the variables R and S to have another system of eight ODE’s together,

the following IVP has:

y′1 = y2; y1(0) = 0,

y′2 = y3; y2(0) = 0,

y′3 = y4; y3(0) = R,

y′4 =

(
β

1 + β

)
P (y2y3 − y1y4) + λy3 − 2

(
β

1 + β

)
Fry2y3

+M

(
β

1 + β

)
sin γ [sin γy3 − 2δ cos γy2] = 0; y4(0) = S,

y′5 = y6; y5(0) = 0,

y′6 = y7; y6(0) = 0,

y′7 = y8; y7(0) = 1,

y′8 =

(
β

1 + β

)
P (y3y6 + y2y7 − y4y5 − y1y8) + λy7 − 2

(
β

1 + β

)
Fr(y3y6 + y2y7)

+M

(
β

1 + β

)
sin γ [sin γy7 − 2δ cos γy6] = 0; y8(0) = 0,

y′9 = y10; y9(0) = 0,
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y′10 = y11; y10(0) = 0,

y′11 = y12; y11(0) = 0,

y′12 =

(
β

1 + β

)
P (y3y10 + y2y11 − y4y9 − y1y12) + λy11 − 2

(
β

1 + β

)
,

Fr(y3y10 + y2y11) +M

(
β

1 + β

)
sin γ [sin γy11 − 2δ cos γy10] = 0; y12(0) = 1,

The Runge Kutta method of order four is used to solve the above system of twelve

first order differential equations with R and S as initial guess. The iterative process

is repeated until the criteria listed below are met:

max [| y1(η,R, S) |, | y2(η,R, S) |] < ε

for an arbitrarily small positive vale of ε. Throughout this chapter ε has been

taken as (10)−6. Since (4.10) and (4.11) are coupled equations. So (4.10) will be

solved separately by incorporating the solution of (4.11). For this purpose let us

denote:

θ = Y1, θ′ = Y ′1 = Y2, θ′′ = Y ′2 ,

and

φ = Y3, φ′ = Y ′3 = Y4, φ′′ = Y ′4 = Y5,

and

f = D, f ′′ = G.

to get the following first order ODE’s.

Y ′1 = Y2; Y1(0) = 1, Y1(1) = 0,

Y ′2 = −NbY4Y2 +NtY
2
2 − Pr

(
PDY2 + EcG

2
)

; Y2(0) = R,

Y ′3 = Y4; Y3(0) = 1, Y3(1) = 0,

Y ′4 = −PScDY4 −
Nt

Nb

Y3 +RScY3; Y4(0) = S.
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The above IVP is solved numerically by Runge Kutta method of order four. In

the above initial value problem, the missing condition m is to be chosen such that:

Y1(η,R, S)η=1 − 0 = 0,

Y3(η,R, S)η=1 − 0 = 0.

Now

Y1(0) = Y (0) = R, Y2(0) = Y ′(0) = S.

The Newton’s method is used to solve algebraic equations system and has the

following iterative scheme:

Rn+1

Sn+1

 =

Rn

Sn

−

∂Y1
∂R

∂Y1
∂S

∂Y3
∂R

∂Y3
∂S


−1 Y1(1)− 0

Y3(1)− 0

 (4.15)

To incorporate the above formula, we further need the following derivatives:

∂Y1
∂R

= Y5,
∂Y2
∂R

= Y6,

∂Y3
∂R

= Y7,
∂Y4
∂R

= Y8,

∂Y1
∂S

= Y9,
∂Y2
∂S

= Y10,

∂Y3
∂S

= Y11,
∂Y4
∂S

= Y12.

As the result of these notations, the Newton’s iterative scheme gets the form:

Rn+1

Sn+1

 =

Rn

Sn

−
Y5 Y9

Y7 y11

−1 Y1(1)− 0

Y3(1)− 0

 (4.16)

Here n is the number of iterations (n = 0, 1, 2, 3, 4, 5, ...).

Now differentiate the above system of four first order ODE’s (4.15) with respect

to each of the variables R and S to have another system of eight ODE’s together,
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the following IVP has:

Y ′1 = Y2; Y1(0) = 1,

Y ′2 = −NbY4Y2 +NtY
2
2 − Pr

(
PDY2 + EcG

2
)

; Y2(0) = R,

Y ′3 = Y4; Y3(0) = 1,

Y ′4 = −PScDY4 −
Nt

Nb

Y3 +RScY3; Y4(0) = S,

Y ′5 = Y6; Y5(0) = 0,

Y ′6 = −Nb (Y2Y8 + Y4Y6) + 2NtY2Y6 − PrPDY6; Y6(0) = 1,

Y ′7 = Y8; Y7(0) = 0,

Y ′8 = −PScDY8 −
Nt

Nb

Y7 +RScY7; Y8(0) = 0,

Y ′9 = Y10; Y9(0) = 0,

Y ′10 = −Nb (Y2Y12 + Y4Y10) + 2NtY2Y10 − PrPDY10; Y10(0) = 0,

Y ′11 = Y12; Y11(0) = 0,

Y ′12 = −PScDY12 −
Nt

Nb

Y11 +RScY11; Y12(0) = 1.

The Runge Kutta method of order four is used to solve the above system of twelve

first order differential equations with R and S initial guess. The iterative process

is repeated until the criteria listed below are met:

max [| Y1(η,R, S) |, | Y3(η,R, S) |] < ε

for an arbitrarily small positive value of ε. Throughout this chapter ε was taken

as (10)−6.
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4.4 Representation of Graphs

This section exploresothe graphical outcomes and their physicalojustifications for

the three essential profiles such as speed, temperatureoand nanoparticle concen-

tration. Figures 4.2 to 4.18 areoplotted to expose the consequences of several

fluidoparameters disconcerted in the presentoflow model.

Figures (4.2) and (4.3)oare the graphical descriptions of the effect of the Forch-

heimer parameter onovelocity f and f ′ respectively. A nearer appearance elabo-

rates that the velocity region decreases withoincrease in the Forchheimer number.

Physically,othe relation ofoForchheimer amount with drag forceocoefficient is re-

sponsible for this fashion in velocity parameter. For more Forchheimer variety an

exhaustive range is available, and drag stress coefficientoresults in a larger amount

ofofriction supplied to the fluidoflow. Therefore, aodecline is observed in respect

of the velocityoprofile.

Figures (4.4) and (4.5) indicate the impact ofomagnetic field onofluid flow through

Darcy Medium. Theoimpact of magnetic area is inversely associated with the flow

of stated fluid. A surface normaloimplementation of magnetic region creates pos-

itive bumps in theodirection, of fluidoflow therefore, aodecline is determined in

each f and f ′. Figures (4.6) and (4.7) reveals the impact of viscosityoparameter P

onoboth f and f ′ respectively.oPhysically, for bigger values of P ,othe inverse rela-

tion of kinematic viscosityoconfirms the enhancementoin dynamic viscosity,oand

consequently, a decline inovelocity field is observed for more values ofoviscosity

parameter.

Figure (4.8) suggests the impact ofoviscosity parameter onothermal distribution.

The applicable boundary layer indicates declining style for increased values of

viscosityoparameter. Impact ofoBrownian diffusive movement and thermoplastics

on thermal distributionois shown in Figures (4.9) and (4.10). The non-predictive

movementoof nanoparticles becauseoof the Brownian movement rises for stronger

thermoplastic pressure, ensuing in a greater fast delivery from warm vicinity to the

less heat place. Therefore, a upward thrust in thermalodistribution is discovered

for each the parameters. For multiplied values ofoviscosity parameter, we may
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see an enhancementoin the concentration of distribution proven in Figure (4.11),

which equally confirmsothe mathematical expressionoof viscosity parameteroand

its physicalosignificance in fluid is proportional to the flow.oFor progressed values

ofoBrownian diffusive movement parameter, concentrationoprofile exhibits reduc-

tion. Physically,othe random movement reduces for enhanced Brownian motion

but, the case is contrary in case ofothermophoresis. At Nb = 0.01, the effect of

Brownian diffusion isoquite obvious howeverothe impact will slightly reduced. In

addition improvement in the Brownianodiffusion, while a linearoenhancement is

visible in the attention distribution for Nt. Figure (4.14) and Figure (4.15) are

plotted by taking Nu as function of viscosity parameter P for different valuesoof

thermophoresis Nt and Brownian Diffusion parameter Nb. It can be seen in Fig-

ure (4.14) that with increase in P . Nu is increasing and for a fixed value of P by

increasing Nt, a decline in Nu can be seen. Same behaviour can be seen in Figure

(4.15) for values of Nb.

Figures (4.16) and (4.17) are plotted oo estimate the fluctuation inoskin-friction

as a function of viscosity parameter, by change the values of λ and M respectively.

The larger friction produced with the useful resource of Forchheimer medium and

retardation provided through magnetic effect results in the enhancement ofoskin-

friction. The effect of Prandtl numberoon thermal profile is demonstrated in Figure

(4.18), that shows a decline in temperature profile for large values of Pr.

In Figure (4.19) we plotted skin-friction as a function an angle of inclination γ by

changing vales of porosity factor λ. we can see decrease in Cf by increasing value

of λ.

In Figure (4.20) we plotted Nusselt number as function an angle of inclination γ

by changing values of porosity factor λ. We can see decrease in Nusselt number

by increasing value of λ.
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Figure 4.2: Consequences of Fr on f(η).
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Figure 4.3: Consequences of Fr on f
′(η).
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Figure 4.4: Consequences of M on f(η).
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Figure 4.5: Consequences of M on f ′(η).
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Figure 4.6: Consequences of P on f(η).
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Figure 4.7: Consequences of P on f ′(η).
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Figure 4.8: Consequences of P on θ(η).
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Figure 4.9: Consequences of Nb on θ(η).
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Figure 4.10: Consequences of Nt on θ(η).
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Figure 4.11: Consequences of P on φ(η).
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Figure 4.12: Consequences of Nb on φ(η).
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Figure 4.13: Consequences of Nt on φ(η).
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Figure 4.14: Nusselt number w.r.t P and Nt.
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Figure 4.15: Nusselt number w.r.t P and Nb.
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Figure 4.16: Variation in Cf for porosity factor λ.
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Figure 4.17: Variation in Cf for magnetic parameter M .
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Figure 4.18: Consequences of Pr on θ(η).

0 /8 /4 /2
-4.8

-4.7

-4.6

-4.5

-4.4

-4.3

-4.2

-4.1

-4

-3.9

C
f

=0.2
=0.4
=0.6

P=01, M=03, Fr=-2.5, B=01, W=01, -01.

Figure 4.19: Skin friction w.r.t γ and λ.
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Figure 4.20: Nusselt number w.r.t γ and λ.



Chapter 5

Conclusion

In this thesis, the research work of Rasool et al.[1] is reviewed and extended with

the effect of inclined magnetic field, Casson Fluid, viscous Dissipation, Brownain

motion, thermophoresis diffusion and chemical reaction. First of all, momentum,

energy and concentration equations are transformed into the ODEs via way of

means of the similarity transformations. By the use of the shooting technique,

numerical answer has been determined for the converted ODEs. Using unique

values of the governing physical parameters, the consequences are provided with

inside the form of graphs for velocity, temperature and concentration profiles. The

achievements of the contemporary studies can be summarized as below:

• Velocity field suggests a decrease for large Forchheimer number.oThe drag

forceocoefficient is liable for thisotrend.

• The effect of magnetic fieldois inversely associated with theofluid flow.oA

decline is observed in the velocityoprofile.

• For larger valuesoof viscosity parameter, theoinverse relation ofokinematic

viscosity confirmsoa decline inothe velocity field.

• Theonon-predictive motion of nano particles, due to the Brownian diffu-

sionorises for more potent thermophoretic force ensuring a speedy transport

from warm region to theocolder region.
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• For larger values of viscosityoparameter, anoenhancement in the concentra-

tion distribution is observed.

• The rate ofoheat flux reducesofor Brownian diffusionoand thermophoresis.

• Skin-friction gets enhancementofor accelerated porosity aspect and mag-

neticoparameter.

• For the increment of porosity factor (λ) and the angle of magnetic inclination

(γ), the skin friction (Cf ) decreases and the Nusselt number (Nu) decreases.

Moreover, both skin friction and Nusselt number are decreasing function of

angle of inclination.
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